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The acceleration of an electron by a circularly polarized laser pulse in a plasma is studied. It appears possible
to increase significantly the energy of a preaccelerated electron. Although the pulse tends to generate a plasma
wake, to which it loses energy, one can eliminate the wake by choosing the duration of the pulse judiciously.
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PACS number~s!: 52.20.Dq, 42.50.Vk

The motion of a charged particle in an electromagnetic
field is a well-known paradigm of physics@1,2#. Suppose that
the field is associated with a laser pulse of finite extent
propagating in a vacuum. As the pulse overtakes the particle,
the particle gains energy and momentum at the expense of
the pulse. At the peak of an intense pulse, the particle has
considerable~longitudinal! momentum in the propagation di-
rection of the pulse. This fact suggests that intense pulses@3#
might be used to accelerate particles. Unfortunately, the en-
ergy associated with the transverse particle motion is wasted
and it is difficult to extract the particle from the middle of the
pulse. One cannot simply wait until the pulse has overtaken
the particle completely, because the pulse leaves the particle
at rest, albeit displaced a finite distance in the direction of the
pulse. If the pulse is of finite transverse extent, the particle
can be expelled from the pulse@4#. However, this transverse
expulsion is difficult to control.

In this paper we describe the motion of a charged particle
in the field of an idealized laser pulse propagating through a
medium, and show that the particle can be accelerated effi-
ciently and extracted easily. We then discuss briefly some
issues relevant to electron acceleration in a plasma. For a
detailed review of laser-driven electron acceleration
schemes, we refer the reader to the paper by Sprangle, Es-
arey, and Krall@5#.

The motion of a particle, of chargeq and massm, in an
electromagnetic field is governed by the equation@6#

dt~um1am!5un]man , ~1!

whereum is the four-velocity of the particle,t is the proper
time of the particle multiplied byc, and am is the four-
potential of the field multiplied byq/mc2. For a circularly
polarized field

am5~0,0,acosf,asinf!/A2. ~2!

We assume that the phasef and amplitudea are functions
of t andx alone. In this case, it is well known that

dt~u'1a'!50, ~3!

which reflects the conservation of transverse canonical mo-
mentum. For future reference, notice that Eq.~3! does not
imply that u' attains all values ofa' : it implies that the
values ofa' to which the particle has access are reflected in

the corresponding values ofu' . Using Eq.~3!, one can re-
write the first two components of Eq.~1! as

dtg5 1
2 ] tu'

2 , dtui52 1
2 ]xu'

2 . ~4!

The right sides of Eqs.~4! and thet andx components of the
ponderomotive four-force.

We assume thatf5t2sx, wheres is the inverse phase
speed of the pulse, anda5a(c), wherec5t2rx and the
inverse pulse speedr.1. Although these assumptions are
based on the known characteristics of a low-intensity pulse,
which may differ from those of a high-intensity pulse, the
only requirements of the following analysis are that the pulse
propagates without distorting significantly and that its propa-
gation speed is less thanc. The propagation characteristics of
high-intensity pulses have been studied by Decker and Mori
@7#.

Sinceu'
2 is independent off, it follows from Eqs.~4! that

dt~rg2ui!50. ~5!

For a particle that is at rest initially,ui5r (g21). Since
r.1, longitudinal momentum is produced more efficiently
in a medium than in a vacuum. By combining this result with
the definition of the Lorentz factorg, one can show that

~r 221!ui
222ru i1r 2u'

250. ~6!

It follows immediately that

ui5
r6r @12~r 221!u'

2 #1/2

r 221
~7!

and

g5
r 26@12~r 221!u'

2 #1/2

r 221
. ~8!

Equation~6! describes an ellipse that intersects the origin,
and has semimajor and semiminor axes of lengthr /(r 221)
and 1/(r 221)1/2, respectively, as shown in Fig. 1. The
2 signs in Eqs.~7! and~8! correspond to the left half of the
ellipse, whereas the1 signs correspond to the right half. It
follows from Eqs.~7! and~8! thatv i51/r at the intermediate
point B. This information allows the particle motion to be
determined qualitatively.
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Initially, the pulse overtakes the particle. As it does so,
u'
2 increases and the representative point (ui ,uu'u) moves
from A, which corresponds to the leading edge of the pulse,
toward B. If u'

2,1/(r 221) at the peak of the pulse, the
representative point does not reachB. Since v i,1/r , the
pulse overtakes the particle completely and the representa-
tive point moves back towardA, which now corresponds to
the trailing edge of the pulse. Eventually, the particle is at
rest. This scenario is illustrated in Fig. 2~a!. However, if
u'
251/(r 221) before the particle reaches the peak of the
pulse, the particle is repelled by the pulse, because thex
component of the ponderomotive four-force is positive, and
the representative point continues towardC, which corre-
sponds to the leading edge of the pulse. Eventually,u'50,
ui52r /(r 221), andg5(r 211)/(r 221). This scenario is
illustrated in Fig. 2~b!. The Palmer theorem@8# does not
apply to this scenario because the ponderomotive terms in
Eqs.~4! are nonlinear and the pulse is propagating through a
medium.

During this interaction, the phase of the pulse evolves
according todtf5g(12sv i). Initially, dtf51 and a posi-
tively charged particle rotates in an anticlockwise direction
@9#. As the particle’s speed increases, its rate of rotation de-
creases. For media in whichr,s, the direction in which the
particle rotates can change if the pulse is sufficiently intense.

For reasons that will become clear shortly, consider the
acceleration of a particle that is traveling in the direction of
the pulse with initial momentumuA and initial energygA .
The analysis of particle acceleration is simplest in the pulse
frame, in which the four-potential is time independent and,
hence, the particle energy is constant: energy is exchanged
between the longitudinal and transverse degrees of freedom.
Because the four-potential is transverse, it has the same am-
plitude in both the laboratory and pulse frames. Let
gP5r /(r 221)1/2 be the Lorentz factor associated with the
pulse anduP5(gP

221)1/2. Initially, the particle is moving to
the left in the pulse frame. The particle will be repelled if, at
some point in the pulse, the energy associated with its trans-
verse motion equals its initial energy. In this case the particle
regains its initial energy as it moves to the right. It follows
from these observations and Eq.~2! that, in the laboratory
frame, the repelling threshold

aB
252@~gPgA2uPuA!221# ~9!

and the corresponding gain in particle energy

dg52~uP
2gA2gPuPuA!. ~10!

The energy gain and repelling threshold are plotted as func-
tions of the initial energy in Fig. 3, for the case in which
gP530. Energy is measured in units of the particle rest
mass. If the particle is at rest initially,aB

252(gP
221)5dg:

the energy gain is large, but so is the required pulse intensity.
Since the repelling threshold decreases more rapidly than the
energy gain as the initial energy is increased, the intensity
requirement can be minimized by injecting preaccelerated
particles. For example, if the injection energy is 7, the repel-
ling threshold is 8.3 and the energy gain is 120. If the injec-
tion energy is 15, the repelling threshold is 1.1 and the en-
ergy gain is 45.

With aB
2 fixed, the injection energy required to ensure that

the particle is repelled by the pulse and the corresponding
energy gain are functions ofgP . By inverting Eq.~9!, one
finds that

gA5gPmB2@~gP
221!~mB

221!#1/2, ~11!

wheremB5(11aB
2/2)1/2 is a measure of the pulse intensity.

WhengP.mB@1, Eq. ~11! reduces to

FIG. 1. Diagram of the relation between longitudinal and trans-
verse momentum implied by Eq.~6!. The broken line corresponds
to r51 ~vacuum! and the solid line corresponds tor51.0005~me-
dium!.

FIG. 2. Illustration of the particle motion for a low-intensity
pulse~a! and a high-intensity pulse~b!.

FIG. 3. Threshold intensityaB
2 required to repel the particle

~broken line! and the corresponding gain in particle energy~solid
line! plotted as functions of the particle injection energy for the case
in which gP530. Energy is measured in units of the particle rest
mass.
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gA'
1

2 S gP

mB
1

mB

gP
D 1

1

8S gP

mB
3 1

mB

gP
3 2

2

gPmB
D . ~12!

When gP;mB the first and second terms of Eq.~11! are
adequate and whengP@mB the first and third terms are ad-
equate. In the latter limit Eq.~10! reduces to

dg'2gPmB2gP /mB . ~13!

The injection energy and energy gain are plotted as functions
of gP in Fig. 4, for the case in whichaB

2510. The approxi-
mate formulas~12! and ~13! are accurate, and show clearly
how the injection energy and the energy gain scale withgP
andmB .

Subject to the constraints described between Eqs.~4! and
~5!, the preceding analysis is directly applicable to the accel-
eration of a test electron in a plasma. However, one must
also consider the motion of the background electrons under
the influence of the pulse.

In the absence of collective effects, the background elec-
trons behave like independent test particles. Providing that
aB
2,2(gP

221), the background electrons pass freely through
the pulse: although there is a temporary exchange of energy
between the pulse and the background electrons~which is
why the pulse speed is less thanc), none of the pulse energy
is lost to the plasma. It is for this reason that the test electron
must be preaccelerated.

In the presence of collective effects, the compression of
the electron fluid by the leading edge of the pulse produces a
charge nonuniformity which, in turn, produces a longitudinal
electric field. This longitudinal field modifies the motion of

the electron fluid and the conclusions of the preceding para-
graph. The electron-fluid momentum equation can be written
in the form @10#

] t~ui2ai!52]xg, ~14!

from which follows a conservation equation similar to Eq.
~5!. By using this conservation equation, one can show that
the longitudinal potential evolves according to

d2ai

dt2
5

1

r 221H r2
r2ai

@11~r2ai!
22r 22~r 221!u'

2 #1/2J .
~15!

In the low-intensity regime Eq.~15! reduces to the equation
for a driven linear oscillator, the behavior of which is well
known: A short pulse provides an impulse to the plasma,
which continues to oscillate after the pulse has passed. This
oscillation, which is referred to as the wake of the pulse, can
be removed by a second impulse that counteracts the first. In
contrast, a long pulse produces an adiabatic plasma response.
A pulse of infinite duration leaves no wake, whereas a pulse
of finite duration leaves a wake, the amplitude of which de-
pends on the ratio of the plasma period and the duration of
the pulse. In the high-intensity regime the intrinsic plasma
oscillation is nonlinear@11#. However, the plasma response
is similar to that described above, as shown in Figs. 5 and 6.
In Fig. 5~b! the first pulse loses energy to the second pulse at
the same rate as the pulse loses energy to the wake in Fig.
5~a!. Thus, a short pulse, which contains only a small amount
of energy initially, is depleted quickly, whereas a long pulse,
which contains a large amount of energy initially, is depleted
slowly.

It is clear from Figs. 5 and 6 that a longitudinal field is
generated within the pulse. The density nonuniformity asso-
ciated with this longitudinal field modifies the transverse cur-

FIG. 4. Injection energy required to ensure that the particle is
repelled~a! and the corresponding gain in particle energy~b! plot-
ted as functions of the Lorentz factor associated with the pulse for
the case in whichaB

2510. Energy is measured in units of the par-
ticle rest mass. The broken lines represent the approximate results
~12! and ~13!, whereas the solid lines represent the exact results
~11! and ~10!

FIG. 5. Longitudinal vector potential~wake! generated
by a pulse of intensity a2510 sin2(t/tP)H(t)H(tP2t)
110 sin2@(t2tD)/tP#H(t2tD)H(tD1tP2t) for the case in which
gP530 andtP50.1. Time is measured in units of the inverse of the
electron plasma frequency.~a! tD5`. ~b! tD53.99.
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rent and, hence, the pulse itself. Two-dimensional effects are
also important. The pulse must be wide enough for the test
electron to complete its transverse rotations without being
deflected by the transverse ponderomotive force. This force

also tends to expel background electrons from the neighbor-
hood of the pulse@5,12#. If this expulsion is slow, the reduc-
tion in group speed of the pulse will be produced by the
plasma through which most of the pulse will propagate. If
the expulsion is rapid, most of the pulse will propagate in a
plasma channel, or waveguide, and the reduction in group
speed of the pulse will be produced by the waveguide. All of
these effects must be included in a detailed study of this
acceleration scheme.

In summary, the motion of an electron in the electromag-
netic field associated with a circularly polarized laser pulse
in a plasma were studied. It appears possible to increase
significantly the energy of a preaccelerated electron. While
wake generation renders this acceleration scheme less than
ideal, its simplicity is noteworthy. The wake fields produced
by short laser pulses have been observed recently@13,14#.
Future experiments will study the interaction of a preaccel-
erated bunch of electrons with such wake fields. One would
only need to change the timing of the electron bunch in these
experiments to test the scientific feasibility of this scheme.
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FIG. 6. Longitudinal vector potential~wake! generated by a
pulse of intensitya2510 sin2(t/tP)H(t)H(tP2t) for the case in
which gP530. Time is measured in units of the inverse of the
electron plasma frequency.~a! tP510.0. ~b! tP510.3.
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